Ejector modelling
Introduction
Various thermodynamic cycles have been proposed, studied and developed to utilise and recover low-grade heat for cooling purpose, such as absorption cycle, adsorption cycle, desiccant cycle and ejection cycle. Amongst all of these, the ejection technology has attracted exponentially increasing interests in recent years (Besagni et al., 2016; Chen et al., 2015; Elbel and Lawrence, 2016) as ejector refrigeration system has many merits such as structural simplicity, no moving parts, robust operation, desirable longevity, low cost and easy maintenance. However, its relatively low coefficient of performance is reckoned as the barrier of widespread application and commercialisation. Using industrial waste heat, solar energy or other types of renewable energy as the heat source for ejection refrigeration is recognised to fully realise its value and benefits. The ejector has also been integrated into other refrigeration systems to promote thermal efficiencies, such as vapour compression system and absorption system (Besagni et al., 2016; Chen et al., 2015; Elbel and Lawrence, 2016) ; moreover, the ejector has been applied to organic Rankine cycle (Yang et al., 2016 ) to achieve power and refrigeration cogeneration, and to Kalina cycle (Li et al., 2013) for performance improvement.
In an ejector, a high pressure primary fluid expands and accelerates to supersonic velocity by flowing through a converging-diverging nozzle. This creates a very low pressure at the downstream of the nozzle, therefore, a low pressure secondary fluid is sucked into the ejector and is entrained to a higher velocity. These two streams completely mix as the primary flow is retarded whilst the secondary flow is accelerated, and then they eventually become a single stream.
Thereafter a normal shock wave is induced which is subjected to the moderate back pressure in the condenser of the refrigeration system, resulting in an abrupt pressure increase and sudden velocity drop down to subsonic area. The subsonic working fluid is subsequently compressed in the diffuser where the pressure is elevated to be higher than the initial pressure of the secondary flow while the velocity declines to nearly zero. Many studies have numerically modelled ejector and ejection process to conduct the device design and performance estimation and analysis (He et al., 2009) . Basically, there are three different approaches of ejector modelling: thermodynamic modelling, one-dimensional and multi-dimensional modelling (Elbel and Lawrence, 2016; He et al., 2009 ). The latter two approaches require knowledge of computational fluid dynamic (CFD) and the usage of commercial CFD software. The powerful CFD method can obtain the flow details inside the ejector, it is however challenging to select and implement the turbulence model and mixing model within CFD mode. The thermodynamic method is the most commonly used for ejector numerical study due to its simplicity (Elbel and Lawrence, 2016; He et al., 2009) .
In thermodynamic modelling method, the whole ejection process is divided into several sub-processes, they are in sequence the expansion in nozzle, the suction process, the mixing process, and the diffusion process. The thermodynamic states at beginning and end of each sub-process can be determined by using energy balance, momentum balance and mass balance equations. To solve the difficulty in establishing the momentum balance equation, Keenan et al. (Keenan and Neumann, 1942; Keenan et al., 1950) assumed the mixing process occurred either under constant pressure or within constant area. Up to now the majority of ejector thermodynamic models have been applying Keenan et al.'s hypotheses. Eames et al. (1995) proposed an upgraded model for a steam ejector in which isentropic efficiencies were introduced to each ejection subprocess so that the friction losses of the working fluid flow and the non-ideal mixing were taken into account. With the information of the pressure, temperature and mass flow rates of both primary flow and secondary flow, Eames et al. started the modelling with an assumed mixing pressure to carry out the iterative calculation that terminated when a maximum outlet pressure was obtained, in this instance, the critical condensation pressure was achieved for the ejector refrigeration system.
Postulated from experimental results, Munday and Bagster (1977) proposed an alternative theoretical ejection process that assumed the primary flow fanned out from the nozzle without mixing with the secondary flow in some downstream distance, and this part of primary flow was named as primary flow core in present paper. The diverging primary flow core resulted in a converging duct for the secondary flow so that the secondary flow was accelerated to sound speed (where the Mach number was 1) before the mixing process started. In this instance both the primary flow and secondary flow were choked, therefore the ejection reached its critical operation mode, in which the outlet pressure was the critical back pressure. Nevertheless, in this theory, the hypothetical throat area of the secondary flow remained unknown. Huang et al. Bagster's hypothesis, which employed non-uniform velocity distribution in the cross-sectional area at the hypothetical throat of secondary flow. It was found that the corresponding velocity reduced along the radial direction from the centre of primary flow core to the ejector wall, and the secondary flow reached sound speed at a certain radius. The authors claimed that this 2D model needed less numbers of pre-defined isentropic efficiencies and was more accurate than the model developed by . Cardemil and Colle (2012) applied Munday and Bagster's hypothesis to a two-phase ejector. They introduced an isentropic parameter to estimate the cross sectional area of primary flow core before mixing, and determined this parameter based on some reported experimental results. As aforementioned, a couple of trials have been made to determine the hypothetical throat area; however, they are not enough to draw a coincident conclusion of neither the determination method nor the value of this parameter; moreover, the general applicability of the model to different working fluids should be improved. The present paper aims at establishing a thermodynamic model for ejector with constant mixing area based on Munday and Bagster's hypothesis, and more importantly, determining empirical correlations of the hypothetical throat area based on several experimental tests using R141b, R134a and steam as working fluid. Different from the study reported by , present study aimed at the ejector performance evaluation rather than ideal ejector design under given operation condition; more importantly, real working fluid properties rather than ideal gas model were used, and the energy transfer between the primary flow core and the secondary flow was considered in present study to simulate the ejection process more realistically. The measured primary mass flow rates and critical back pressures (or saturated temperatures) in some reported experiments were used to verify the present model. The obtained empirical correlations will be useful for further ejector performance prediction.
Ejector model
The schematic diagram of an ejector with constant mixing area is shown in Fig. 1(a) and the corresponding pressure and velocity profiles based on Munday and Bagster's hypothesis are exemplified in Fig. 1(b) . The primary flow enters the ejector at relatively high pressure (section p in Fig. 1(a) ), and its pressure decreases while its velocity increases when flowing through the nozzle. The primary flow reaches the sound speed at the nozzle throat (section t), and even higher velocity at the nozzle exit (section 1) and further higher at the exit of primary flow core (section 2). The secondary flow (section s) is sucked into the ejector and is accelerated to sound speed at the hypothetical throat (section 2) formed by the boundary of the primary flow core and the ejector wall, as shown in Fig. 1(a) , in the meantime its pressure reduces to the value as the same as that of the primary fluid at section 2. The mixing takes place between sections 2 and 3, where the pressure of the mixed stream increases due to the constant mixing area. The normal shock occurs at section 'sh' where the pressure increases and the velocity drops to subsonic level. Finally, the pressure of the working fluid is promoted and the velocity drops after flowing through the diffuser (from section 4 to d). The thermodynamic model is established based on mass balance, momentum balance and energy balance equations. During the ejection process, the working fluid may become liquid-vapour two-phase if the fluid is so-called 'wet fluid'. The present model treats the working fluid as homogeneous despite of single-phase or two-phase, and this indicates that the possible relative motion between two phases is eliminated. Homogeneous equilibrium is assumed here to simplify the model, thus the heat transfer between phases occurs instantaneously and the thermodynamic equilibrium is ensured. Hence, the flows inside the ejector can be treated as steady and one-dimensional. Other assumptions to simplify the model without losing the generality are given as follows.
• The flow is adiabatic.
• The kinetic energies at the inlets of both primary flow and secondary flow are negligible.
• Flow friction leads to non-isentropic expansion/diffusion process in ejector, which is reflected by isentropic efficiencies.
• The inefficient momentum transfer in the non-ideal mixing is represented by a mixing loss factor.
All the thermodynamic property data of different working fluids are provided by NIST Refprop 9.1 (Lemmon et al., 2013) .
Nozzle throat and outlet
According to the foregoing assumption, the expansion process is non-isentropic and an isentropic efficiency, ηn is given for the working fluid in both the converging and diverging sections as expressed by Eqs. (1) and (2).
where the subscripts p, t and p1 denote primary flow at nozzle inlet, throat and outlet, respectively; ht,is and hp1,is are the enthalpies if the expansion processes are isentropic, which can be calculated based on the present pressure and the previous entropy, as expressed in Eqs. (3) and (4).
Applying the energy conservation to the nozzle, Eqs. (5) and (6) can be obtained.
where Vt and Vp1 are the primary flow velocities at the throat and the outlet of the nozzle, respectively. Vt equals to the sound speed which can be calculated based on the thermodynamic states of the working fluid by Eq. (7).
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Thereafter the mass flow rate of the primary flow can be derived as Eq. (8).
where At is the cross sectional area of the throat; the working fluid density at throat, ρt, can be calculated based on the corresponding pressure and enthalpy as Eq. (9).
The velocity of the primary flow at the outlet of the nozzle, Vp1, is governed by the mass balance equation and can be calculated as Eq. (10).
where Ap1 is the cross sectional area of the nozzle outlet; the working fluid density, ρp1, is the function of pressure and enthalpy as expressed in Eq. (11).
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Suction and primary flow core
According to Munday and Bagster's hypothesis, the secondary flow reaches the sound speed at the hypothetical throat, which can be formulated as Eq. (12).
Similar to the expansion process in nozzle, the governing equations for suction process are in the form of Eqs. (13) to (16). 
Although the mixing of the primary and secondary flows is expected to occur after the choke of the secondary flow, these two flow streams have energy transfer between each other within the sections 1 and 2 to implement the entrainment. The energy balance must be complied with as Eq. (17).
The primary flow core can be considered as the extension of the diverging expansion in the nozzle, hence the following governing equations [Eqs. (18) to (20)] are used in the present model.
where Pp2 and Ps2 have the same value, i.e. Pp2 = Ps2 = P2; the cross sectional areas at section 2 satisfy the rule expressed in Eq.
.
Mixing process
The mixing process (sections 2-3) can be described by using the mass balance equation [Eq. (23) 
where ηm is the mixing loss factor, which accounts for the inefficient momentum transfer between primary and secondary flows due to the frictions between flows and between fluid and ejector wall.
Shock wave
A normal shock takes place in the constant-area section which induces a sharp pressure increase and velocity decrease. The Mach number of the working fluid is larger than 1 before this shock, whereas smaller than 1 after the shock. This process is irreversible and cannot be treated as isentropic. The process can be described by using the mass balance equation [Eq. (27) 
Diffusion process
The working fluid has been decelerated to subsonic after shock, so that a diffusion process occurs in the diverging diffuser, during which the pressure ascends and the velocity descends. The energy balance of this diffusion is established as Eq. (31).
The working fluid can be decelerated to stagnant, i.e. Vd = 0, to recover the pressure as much as possible. This compression process has the isentropic efficiency ηd that is formulated as Eq. (32).
The outlet pressure, Pd, can be derived using the thermodynamic state equation [Eq. (33) ] with the isentropic enthalpy hd,is and the entropy s4 at the inlet of diffuser.
Because the designed working conditions cannot be achieved in most practical operations of the ejector, the outlet velocity, Vd, cannot be treated as 0 and the mass balance equation [Eq. (34) ] must be satisfied.
where Ad is the diffuser outlet area and ρd is the working fluid density which can be determined by Eq. (35).
2.6.
Sound speed
For single phase working fluid, the local sound speed can be readily obtained by using NIST Refprop 9.1. Two-phase flow may occur in ejector when the used working fluid is not dry, and it is sophisticated to calculate the accurate sound speed of liquid-vapour two-phase flow. Several correlations have been proposed to estimate the sound speed of liquid-vapour twophase flow based on the densities, volume fractions and sound speeds of liquid phase and vapour phase. One successful correlation, Eq. (36), proposed by Nguyen et al. (1981) was used in the present model. This correlation considers the interface on one phase acting as the elastic wall of the other phase, and it has been verified by both cavitation flow (low volume fraction of vapour phase) and condensing flow (high volume fraction of vapour phase).
3.
Simulation process
The mathematical model described in Section 2 was programmed using Matlab. It should be mentioned that the present simulation required the input of the experimental critical entrainment ratio (the primary mass flow rate to the secondary mass flow rate at the critical operation mode) to obtain the hypothetical area for the secondary flow. The simulation was conducted in steps as shown in Fig. 2 and described in detail as follows.
(1) Input geometric parameters of the ejector, including nozzle throat area, nozzle outlet area, mixing area and diffuser outlet area; input inlet pressures and temperatures of primary flow and secondary flow. (2) With an assumed value of the pressure Pt at the nozzle throat, the isentropic enthalpy ht,is is obtained through Eq. (3); the real enthalpy ht is calculated using Eq. (1) (27) to (30), can be solved following the same method given in step 5. (7) If the designed working conditions of the ejector can be satisfied, the exit velocity Vd of the diffuser can be considered at 0, therefore, the enthalpy hd can be calculated by Eq. (31) and the pressure Pd at the ejector outlet is obtained through Eqs. (32) and (33). (8) If the designed working conditions cannot be ensured, the diffuser outlet area should be known, and an outlet velocity Vd should be initially assumed to start iterative calculation to achieve mass balance: with an assumed outlet velocity Vd, the corresponding outlet pressure Pd and enthalpy hd can be obtained as described in step 7; the density ρd is then calculated by Eq. (35); the mass balance equation [Eq. (34) ] is checked before a new velocity is assumed accordingly if necessary to start over the calculation.
In the end, the obtained empirical hypothetical throat area of the secondary flow was analysed and correlated with relevant variables, which would be critically significant for further ejector performance estimation.
Experimental verification and parameter determination
The thermodynamic modelling of the ejector was criticised on the artificial selection of the used isentropic efficiencies and the lack of justification (Elbel and Lawrence, 2016) . The present study aimed at promoting this method by introducing the experiment results to determine the key parameter, the hypothetical throat area, for further modelling, so that the uncertainty of the modelling did not highly rely on those isentropic efficiencies any more but more depended on the hypothetical throat area which was determined by experimental results. To determine this area, the usage of experimental obtained ṁ s/ ṁ p at critical operation mode was essential. However, the present experiment-involved modelling can still be verified. First, the calculated mass flow rate of primary flow was only the function of its initial pressure, temperature and the nozzle throat area, then this calculation can be validated by using the available experimental measured mass flow rate of primary flow; secondly, the introduced experimental ṁ s/ṁ p only had a little influence on the thermodynamic state at the outlet of ejector, therefore the accuracy of the present modelling can be verified by the experimental thermodynamic state of the working fluid at the outlet of ejector.
Referring to the efficiencies proposed by different researchers (summarised by Liu and Groll, 2013) , ηn = 0.95, ηs = 0.85, ηm = 0.95 and ηd = 0.85 were initially selected as the basic values as these values have been used in many works. Nevertheless, if the measured primary mass flow rate was available, the exact nozzle efficiency η n would be experimentally determined. Moreover, the mixing loss factor ηm should be adjusted if non-negligible amount of liquid appeared during ejection, which will be discussed in details later.
Nozzle and sound speed
Since the primary flow is choked at the nozzle throat, the primary flow rate is a constant value if the inlet pressure and temperature and throat area are pre-defined. The accuracy of this calculated mass flow rate highly depends on the accuracy of the calculated sound speed. Three experimentally measured values of primary mass flow rate (Eames et al., 1999; Shestopalov et al., 2015; Thongtip and Aphornratana, 2015) and one two-dimensional (2D) CFD simulation result (Varga et al., 2009 ) were compared with the calculated results by the present model. Fig. 3(a) shows perfect agreements between the calculated values and the measured values of primary mass flow rates when the working fluids are R141b (Thongtip and Aphornratana, 2015) and R245fa (Shestopalov et al., 2015) . When the nozzle isentropic efficiencies of 0.93 and 1.0 were used for R141b and R245fa, respectively, the discrepancies are within ±5% regardless of different nozzle throat areas. It should be noted that these two working fluids are dry vapours through along the nozzle. It is in liquidvapour two-phase during the ejection process if the working fluid is steam because water is a wet fluid, consequently the sound speed should be calculated by Eq. (36) rather than by NIST 9.1 that only provides the data of single phase. Fig. 3(b) exhibits the contrast between the calculated results and the experimental results (Eames et al., 1999) and the 2D CFD simulation result (Varga et al., 2009 ) using steam as the working fluid under the conditions of different throat areas and different inlet pressures and temperatures. The vapour quality at the throat was in the range of 0.96-0.97 according to present calculation. It is noticeable that the present calculation slightly underestimates the primary mass flow rate even the isentropic efficiencies were defined as 1.0 in both comparisons, however, with acceptable discrepancies in the range of ±5%.
Critical back condition
The critical operation mode of the ejector is defined as the condition when the primary and secondary flows are both choked; in this instance, the corresponding back pressure and the entrainment ratio are the critical back pressure and critical entrainment ratio, respectively. If the back pressure is higher than the critical value, only primary flow is choked and the entrainment ratio increases with the decreasing back pressure; if the back pressure is lower than the critical value, the decrease of back pressure cannot lead to any increment of entrainment ratio due to the double-choked. Since the secondary flow was assumed to be choked at the hypothetical throat, the current calculation was only for the critical operation mode. As aforementioned, the critical entrainment ratio and the critical back pressure are two essential parameters for performance evaluation. As the hypothetical throat for secondary flow was unknown, the experimentally obtained critical entrainment ratio was introduced into the calculation of the present model, and the accuracy of this numerical simulation can be ensured and reflected by the comparison between the calculated values and the measured values of the critical back pressure (or saturation temperature). Tables 1 to 6 summarise the comparison between the calculated results in this work and six sets of experimental results reported in Chen and Sun (1997) , Eames et al. (1999) , Garcia del Valle et al. (2014) , , Thongtip and Aphornratana (2015) , and Yan and Cai (2012) , among which two cases had R141b as working fluid, two cases used R134a and the other two cases used steam as working fluid.
As presented in Table 1 , tested R141b using ejectors with different nozzle throat areas, nozzle exit areas and mixing areas. The calculated critical back saturated temperatures based on the present model agree with the measured values perfectly with a discrepancy in the range of −4.79% to 3.11%, when the employed isentropic efficiencies were η n = 0.95, ηs = 0.85, ηm = 0.95 and ηd = 0.85. Using the same working fluid, Thongtip and Aphornratana (2015) tested a slightly larger ejector through two different analytical methods: one method was to determine the critical back pressure (condensing pressure) with a fixed primary flow pressure (generating pressure) and a fixed secondary flow pressure (evaporating pressure), and the other one was to determine the critical secondary flow pressure at a fixed primary flow pressure and a fixed back pressure. As shown in Table 2 , the calculated critical back pressures in this work agreed well with the measured values by Thongtip and Aphornratana's first experimental method, with a discrepancy in the range of −4.78% to 5.19%, when the employed isentropic efficiencies were ηn = 0.93 (determined by the given measured primary flow rate), ηs = 0.85, ηm = 0.95 and ηd = 0.85; whereas, larger errors of the critical evaporator pressure were generated when compared with the measured value by the second experimental method.
As revealed in Tables 3 and 4 , good agreements can be achieved between the predicted critical back conditions based on present model and the measured values by Garcia del Valle et al. (2014) and Yan and Cai (2012) when using R134a as working fluid, and the discrepancies were in the range of −1.26% to 6.08% and −7.85% to 9.00% respectively, when ηn = 0.95, ηs = 0.85, ηm = 0.95 and ηd = 0.85 were used. These two sets of experiments used similar size ejector and close working fluid pressures. Since R134a is a wet fluid, Valle et al.'s experiments used 10°C superheating for both primary fluid and secondary fluid, as a result no liquid occurs during the ejection according to the present calculation; whereas, Yan and Cai's experiment employed saturated vapour for ejection, resulting in two-phase flow inside the ejector, that implies that twophase sound speed correlation should be used in the calculation. However, the calculation accuracy based on the twophase sound speed correlation is not as good as that for singlephase vapour by using NIST 9.1. Therefore, relatively larger discrepancies contrasted with the reported values by Yan and Cai (2012) were noticed as given in the table.
Using saturated steam as working fluid can lead to the appearance of liquid in both primary and secondary fluid flows because steam is a wet fluid. For the experiments reported by Eames et al. (1999) and Chen and Sun (1997) , the calculated vapour quality of the primary flow based on the present model could be lower than 0.8 at the ejector section 2, which suggests a high mixing loss between the primary and secondary flows. Under this circumstance, the mixing loss factor ηm at 0.67 and 0.72 gave the smallest calculation error for these two study cases respectively, when using ηn = 1, ηs = 0.85 and ηd = 0.85 (ηn was determined as 1 by the measured primary flow rate as discussed in Section 4.1). The calculation errors of the back conditions for these two study cases are all around ±5% as presented in Tables 5 and 6 .
Hypothetical throat area
For ejector design purpose, Huang et al. have developed an empirical correlation of the hypothetical throat area as the function of Pp, Ps and Pd * based on ideal gas model. However, their method was not suitable to estimate the performance of ejector when the ejector geometry, primary and secondary fluid pressures and temperatures were initially known. In this work, for ejector performance estimation purpose, the ratio value of the hypothetical throat area to the constant mixing area, Arh = As2/A3, was pursued, afterwards the critical entrainment ratio ω * and back pressure Pd * (or saturated temperature Td 
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Dp1 ( Table 2 -Verification of present modelling and the obtained hypothetical throat area ratio, with R141b as the working fluid by Thongtip and Aphornratana (2015) , ηn = 0.93, ηs = 0.85, ηm = 0.95, ηd = 0.85. Ps, were proposed in this work to develop a correlation of Arh. The former one reflects the ejector geometry while the latter one accounts for the fluid conditions. Fig. 4 shows the relationship between the obtained values Arh and PrArn for all working fluids experimented in Sun (1997), Eames et al. (1999) , Garcia del Valle et al. (2014), , Thongtip and Aphornratana (2015) , and Yan and Cai (2012) .
Except that the present model had large error when predicting the critical evaporating pressure for the experiments reported by Thongtip and Aphornratana (2015) as mentioned Thongtip and Aphornratana, 2015) using R141b locate on one single line as shown in Fig. 4 and can be formulated as Eq. (37).
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h n = − 0 8422 0 2433 . .
For the working fluid of R134a, two cited experiments yield two inconsistent linear lines in Fig. 4 . The inconsistence can be attributed to the different experimental approaches, as one used superheated vapour in experiments to avoid liquid (Garcia del Valle et al., 2014) while the other experiment used saturated vapour and liquid presented during the ejection process (Yan and Cai, 2012) , which caused significant changes on fluid density and sound speed as well as the required hypothetical area. The fitting empirical correlation for the case using saturated R134a vapour is given as Eq. (38).
h n = − 1 2728 0 706 . .
Due to the involvement of relatively large amount of liquid during the ejection of steam, the relation between Arh and PrArn is not linear any more as shown in Fig. 4 . The fitting empirical correlation is in the form of polynominal as expressed by Eq. (39).
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Conclusions
The present paper developed a thermodynamic modelling method of ejector used in ejection refrigeration system; and more importantly, the determination method of one of the key but rarely reported parameters has been developed and validated. The primary findings are made as follows: a) By introducing the experimental results to determine the hypothetical throat area ratio, the present modelling approach reduced the high dependence of modelling accuracy on specifying proper isentropic efficient values. The developed model can predict the critical back pressure (or saturated temperature) with small errors, e.g. less than ±5%. b) By using the current modelling approach, the values of η n at 0.93-1.0, ηs at 0.85, and ηd at 0.85 can be adopted for different working fluids and different size ejectors without losing the accuracy of the model; however, the mixing loss factor ηm was varied from 0.95 for nearly pure vapour mixing to 0.67 and 0.72 for the mixing with the appearance of relatively large amount of liquid. c) For the working fluids of R141b and R134a, the obtained hypothetical throat area ratio Arh had linear relationship with the variable PrArn; when steam was used as working fluid, the developed correlation was in polynominal form due to the involvement of relatively large amount of liquid during the ejection. Using the developed correlations, the model can be employed to predict the ejector performance in critical operation mode. More experimental results are required to further increase the diversity of the working fluid. d) When liquid-vapour two-phase fluid existed in the ejector, the accuracy of the present model highly relied on the accuracy of calculated two-phase sound speed. Further efforts on selection and verification of two-phase sound speed correlations will be crucial to the ejector performance simulation. 
